We examine how to construct blind interference alignment (BIA) in a K-user 2 × 1 broadcast network with homogeneous block fading, which means all users experience independent but identical block fading. When K = 2, we determine a sufficient condition on the offset between the two users' fading blocks such that the constructed BIA achieves the optimal 4 3 degrees of freedom (DoF). Furthermore, we prove that, when K ≥ 4, it is almost guaranteed that the transmitter can find two users among the K users to form a 2-user 2 × 1 broadcast channel over which BIA achieves 4 3 DoF.
On Blind Interference Alignment over Homogeneous Block Fading Channels
Qing F. Zhou, Member, IEEE, and Q. T. Zhang, Fellow, IEEE Abstract-We examine how to construct blind interference alignment (BIA) in a K-user 2 × 1 broadcast network with homogeneous block fading, which means all users experience independent but identical block fading. When K = 2, we determine a sufficient condition on the offset between the two users' fading blocks such that the constructed BIA achieves the optimal 4 3 degrees of freedom (DoF). Furthermore, we prove that, when K ≥ 4, it is almost guaranteed that the transmitter can find two users among the K users to form a 2-user 2 × 1 broadcast channel over which BIA achieves 4 3 DoF. Index Terms-Blind IA, homogeneous fading channel, DoF.
I. INTRODUCTION
A S a new paradigm of mitigating interference, Interference Alignment (IA) has attracted increasing attention [1] , [2] , [3] . In IA, the transmitters utilize the channel state knowledge to precode their signaling vectors so that at each receiver, interfering signals are purposely aligned in a minimized signal subspace, leaving room for the desired signals to be delivered in a maximized complement signal subspace. To implement the IA technique in practical systems, however, the major challenge is the need of perfect and sometimes global channel state information at the transmitters (CSIT).
It was recently shown [4] , [5] that the restricted condition of perfect CSIT can be relaxed if the coherence blocks of the receivers display certain heterogeneous patterns. Consider the example of a k-user M × 1 multiple-input single-output (MISO) broadcast channel (BC), in which one base station with M = 2 transmit antennas broadcasts information data to k = 2 single-antenna users. If the coherence time N 1 experienced by one user is a multiple of the coherence time N 2 experienced by the other user, forming a specially staggered pattern, the outer bound 4 3 degrees of freedom (DoF) is attainable by interference alignment without CSIT. Interference alignment without CSIT is also referred to as blind interference alignment (BIA). In order to obtain the staggered channel pattern that is amiable to BIA, Jafar et al. [6] propose to mount a configurable multi-mode antenna at each user, and manipulate the channel state to construct an artificial heterogeneous block fading channel by switching the antenna mode of some/all users.
Instead of applying complex receivers or assuming the heterogeneous block fading channel model, we study a 2 × 1 broadcast network with K ≥ 2 users that follow the same DoF is achievable by BIA, provided that N 1 = N 2 = 2 and the two users' fading blocks are staggered. Unlike the simple setting above, when N 1 = N 2 > 2, staggered patterns are not unique any more, but determined by coherence block offset. It is unclear whether BIA can still achieve 4 3 DoF for all staggered patterns. For instance, at the extreme case when the offset is zero, it is known that BIA only achieves 1 DoF. In this paper, we determine a sufficient offset condition for BIA to achieve the optimal 4 3 DoF by using a constructive grouping algorithm. Further, we show that in this homogeneous broadcast network, if K ≥ 4, the probability is larger than 95% that the base station can find two users to form a 2-user 2 × 1 MISO BC, and over the formed channel the optimal 4 3 DoF can be achieved by BIA. When K ≥ 6, the probability is almost 1.
II. SYSTEM MODEL Consider a 2-user 2 × 1 MISO BC which consists of a twoantenna transmitter and two single-antenna receivers. Referring to Fig. 1 , let h ij , i, j ∈ {1, 2}, denote the coefficient of the channel linking the transmit antenna S i to the receiver R j . Further define the coefficient vector H j (n) = [h 1j (n), h 2j (n)] T for R j , where n ≥ 0 is the discrete-time index. Represent the coherence time for H j (n) by N j , and the initial time offset by n δ,j . In this paper, we consider the BC with N 1 = N 2 = N , referred to as homogeneous block fading. Without loss of generality, let n δ,1 = 0, and 0 ≤ n δ,2 < N. So, as illustrated in Fig. 1 ,
It is known that the optimal achievable DoF, also known as multiplexing gain, is 4 3 for the 2-user 2 × 1 MISO BC without CSIT [6] . The interference alignment approach achieving the optimal DoF by using symbol extension is demonstrated in Fig. 2 . Three arbitrary time slots n 1 < n 2 < n 3 -not necessarily consecutive -are considered with the corresponding channel coefficients
We denote the channel coefficient matrix from node S i to
Suppose v 1 and v 2 are the signaling vectors for S 1 , and u 1 and u 2 are signaling vectors for S 2 . At user j, the received signal where s i = [s i1 , s i2 ] T ∈ C 2×1 represents two symbol streams from the transmit antenna i, and z j ∈ C 3×1 is the AWGN vector at the user j. To achieve the optimal DoF 4 3 , the interference alignment implementation shown in Fig. 2 requires
where x → y means that x aligns with y, that is, x = ay for a nonzero scalar a. In this implementation, R 1 decodes the symbols delivered by v 2 and u 2 , i.e., s 12 from S 1 and s 22 from S 2 , while R 2 decodes the symbols s 11 and s 21 . Four symbols are delivered after three channel uses, so the DoF 4 3 is achieved. The alignment conditions in (2) can be rewritten as
III. BLOCK PATTERNS FOR BLIND INTERFERENCE ALIGNMENT
In this section, we investigate how to achieve interference alignment based solely on the information of the channel coherence time N and the offset n δ,2 at the transmitter. We emphasize here that the limited knowledge of the coherence time and the relative time offset at the transmitter falls into the category of no CSIT, avoiding the usual requirement of the exact channel coefficients [5] , [6] .
When the channel coefficients of a channel block consisting of three time slots is given by the staggered pattern
we say that the block channel has the type-− → Z pattern. Substituting the channel coefficients of the block into (3), we have 
we say that the block has the type-← − Z pattern. For this block pattern, we can choose v 1 = [0, 1, 1] T and v 2 = [1, 1, 0] T , and then choose u 1 → [0, 1, 1] T and u 2 → [1, 1, 0] T , which also achieves BIA. Together, we refer to the two block channel patterns above as the type-Z pattern.
To show how the knowledge of the coherence time and the offset will help implement BIA, we give a simple demonstration. Consider a BC with N = 5 and n δ,2 = 2; its channel coefficients over time are plotted in Fig. 3 , in which each symbol represents a given channel state. The channel block from n = 3 to n = 17, which contains 3N = 15 consecutive time slots, can be decomposed into 5 type-Z patterns as presented in Fig. 4 . For instance, the time slots n 1 = 3, n 2 = 5 and n 3 = 7 form a channel block with the type-← − Z pattern. Since the same pattern repeats in the channel every 15 consecutive symbols afterwards, the same decomposition can be achieved repetitively. Therefore, over this channel the optimal DoF can be obtained by using BIA. Note that this decomposition of the block from n = 3 to n = 17 is not unique, and that the first three time slots can be neglected or utilized for control messages.
IV. BLIND INTERFERENCE ALIGNMENT OVER HOMOGENEOUS BLOCK FADING CHANNELS
Define τ min{n δ,2 , N − n δ,2 }. We first study the impact of τ on the feasibility of the BIA for a 2-user 2×1 MISO BC. In such a channel with homogeneous block fading, a sufficient condition on τ to enable BIA is given by the following theorem.
Theorem 1. For a 2-user 2 × 1 MISO BC with homogeneous coherence time N , if N/3 ≤ τ ≤ N/2 , or equivalently N/3 ≤ n δ,2 ≤ N − N/3 , then the channel can be decomposed into blocks of the type-Z pattern, and thus, the optimal DoF 4 3 is achievable by BIA. Proof: We prove the theorem by showing a constructive algorithm, which decomposes each 3N consecutive symbols into N type-Z pattern blocks. A channel consisting of two block fading links with time offset N/3 ≤ τ ≤ N/2 is plotted in Fig. 5 . The link on the top has n δ,1 = 0, beginning with a coherence block of N triangles representing unchanged channel states, followed by coherence blocks of N symbols each. The link on the bottom has offset τ , and is characterized n 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 Similarly, three sets with N −2τ pairs each can be collected, i.e., Φ 1 , Φ 2 and Φ 3 as shown in Fig. 5 . The same constructive procedure over the three sets can generate N − 2τ type-Z pattern blocks. Repeating the same approach, we group three sets with 3τ − N pairs each as Ω 1 , Ω 2 and Ω 3 ; three sets with N − 2τ pairs each as Θ 1 , Θ 2 and Θ 3 . The constructive procedure will generate 3τ − N and N − 2τ type-Z pattern blocks from Ω i s and Θ i s, respectively.
The channel from Γ 1 to Θ 3 forms a block of 3N symbols, and the channel pattern of the 3N symbols repeats over time. Every such a 3N -symbol block can be decomposed into N type-Z pattern blocks as described previously. Therefore, the channel with N/3 ≤ τ ≤ N/2 can be decomposed into type-Z pattern blocks, and thus the optimal 4 3 DoF can be achieved by applying BIA to each type-Z pattern block.
According to Theorem 1, the coherence block offset N/3 ≤ τ ≤ N/2 between two receivers is sufficient for BIA to achieve the optimal DoF. In practice, the channel coefficients within a coherence block are not exactly the same, but only highly correlated [7] . There is no unique way to divide a block fading channel into coherence blocks over time. If the two users experience the same temporal correlated block fading, we can always divide the link of the second user into coherence blocks by selecting a n δ,2 satisfying N/3 ≤ τ ≤ N/2 . Therefore, in practical systems the optimal 4 3 DoF can be obtained over a 2-user 2 × 1 MISO BC with homogeneous block fading by BIA. Note that each true channel coefficient in a coherent block can be decoupled into the constant channel coefficient of the block plus a distortion. How the distortion affects the achieved DoF is interesting, but beyond the scope of this paper.
Physically, it is justified to model n δ,2 as a uniformly distributed random variable over 0 ≤ n δ,2 ≤ N − 1. Then the probability of achieving 4 3 DoF over such a 2-user BC by BIA is 1/3. Now, consider a 2 × 1 BC network with K ≥ 3 mobile users experiencing homogeneous block fading. Suppose that the time offset of the link for R j (2 ≤ j ≤ K) is uniformly distributed over 0 ≤ n δ,j ≤ N − 1, with respect to n δ,1 = 0. We examine how large the probability is that the 2-antenna transmitter can find two users among the K users to form a 2-user MISO BC that can be used to achieve the optimal DoF 4 3 by using BIA. We first present a lemma. Lemma 1. Suppose there are N boxes forming a ring, and each box can contain more than one ball. Cast a ball into one box and denote the box as the 0th box, then cast K − 1 other balls randomly into the N boxes. Define the distance of any two balls as the smallest number of boxes separating them along the ring. Let f (N, K) be the number of the events in which the distance of any pair of balls is less than N 3 . Then
Starting from the 0th box, we number the boxes clockwise by integers in ascending order, until the ( N/3 − 1)th box is reached. In addition, still from the 0th box, we label the boxes counter-clockwise by decreasing integers, until the label −( N/3 − 1) is reached.
We first count the events in which the distance between two ends of the shortest arc of boxes containing all the K balls is n (1 ≤ n ≤ N/3 − 1). Given that the 0th box is one end, then the other end can be either the nth box or the (−n)th box, the next K − 2 balls can be randomly assigned to the boxes between the 0th box and the other end box, resulting in 2(n + 1) K−2 events in total. If the ith box (1 ≤ i < n) is one end, then the other end is determined to be the (i − n)th box, the other K − 3 balls (note that the 0th box already has one ball) can be assigned in (n + 1) K−3 ways, and thus the number of events with such two ends are (n − 1)(n + 1) K−3 . In total, the number of the events with two ends distanced by n is 2(n + 1) K−2 + (n − 1)(n + 1) K−3 = (3n + 1)(n + 1) K−3 .
By summing the number over 1 ≤ n ≤ N/3 − 1 and adding one event in which all balls are in the 0th box, we obtain the total number of events in which any two balls are distanced by less than N/3 f (N,
which proves this lemma. From the lemma above, we can prove the following theorem.
Theorem 2. Given the 2 × 1 BC network with K users, let P (N, K) be the probability that the transmitter finds two users among the K users to form a 2-user 2 × 1 MISO BC over which the optimal DoF 4 3 can be achieved by using BIA. Then
Proof: Let τ ij = min{|n δ,i − n δ,j |, N − |n δ,i − n δ,j |} be the relative time offset between user i and user j. Distributing n δ,j (2 ≤ j ≤ K) over 0 ≤ n δ,j ≤ N − 1 uniformly is equivalent to casting K − 1 balls uniformly into the ring of N boxes. Furthermore, the event of τ ij ≤ N/3 − 1 for all i = j is equivalent to the event in which any two balls among K balls in Lemma 1 are distanced less than N 3 . Therefore, the probability that τ ij < N/3 for all i = j is f (N, K)/N K−1 . So, the probability that there exists τ ij ≥ N/3 for some i = j, that is, that the transmitter and the users i and j form a MISO BC achieving 4 3 DoF by BIA, is P (N, K) = 1 − f (N, K)/N K−1 . Finally, substituting (5) into P (N, K) proves the inequality (6).
V. DISCUSSION AND CONCLUSION
The lower bound of P (N, K) in (6) is plotted in Fig. 6 as a function of K for N = 12, 30, 30000. It is observed the probability of finding 2 users among K = 4 users to facilitate BIA is P (N, 4) ≥ 0.95 for all N ≥ 12. The probability of finding such two users among K ≥ 6 users is almost 1. It is also notable that the lower bound is not sensitive to N when N ≥ 12. Therefore, we conclude that regardless of the coherence time experienced by K homogeneous users, if K ≥ 4, it is almost guaranteed that the two-antenna transmitter can find two users among the K users to form a BIA-favored 2user 2 × 1 MISO BC.
In summary, this paper shows that in a practical 2-user 2 × 1 MISO BC with homogeneous block fading, interference alignment can achieve the optimal 4 3 DoF without the need of CSIT. Under the assumption of homogeneous block fading with uniformly distributed offset, it is almost guaranteed that when K ≥ 4, the transmitter can find two users to form a 2-user 2 × 1 BC, and achieve the optimal 4 3 DoF by BIA. The results in this paper are also applicable to the 2 × 2 X channel since the 2-user 2 × 1 MISO BC has the same system model as the 2 × 2 X channel, in which two single-antenna transmitters broadcast to two single-antenna receivers.
